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Abstract 

The surface potential of an ion-penetrable planar membrane is calculated for the case in which acidic and 
basic groups are present in the membrane. It is found that when both acidic and basic groups are not 
uniformly distributed in the direction normal to the membrane, the isoelectric point (the pH value at which 
the surface potential becomes zero) of the membrane varies with the electrolyte concentration, whereas if both 
groups are uniformly distributed, the isoelectric point is independent of the electrolyte concentration. As a 
simple example, we treat a membrane consisting of two layers, in which acidic groups are distributed in the 
outer layer and basic groups are in the inner layer. Simple equations determining the membrane surface 
potential as a function of pH and electrolyte concentration and the dependence of the isoelectric point on the 
electrolyte concentration are presented. 
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1. Introduction 

Surface potential of charged particles or mem- 
branes immersed in an electrolyte solution plays 
an important role in various interfacial phenom- 
ena such as ion binding and electrostatic interac- 
tion between ions and membranes ([1,2], see also 
the recent review on membranes by Cevc [3]). We 
have recently calculated the potential distribution 
across ion-penetrable membranes and derived the 
relationship between the membrane surface po- 
tential and the density of the membrane-fixed 

charges for various cases, demonstrating the fun- 
damental role of the Donnan potential [4-81. In 
contrast to the case of ion-impenetrable solid 
surfaces, the surface potential of ion-penetrable 
membranes is determined not only by the mem- 
brane fixed-charges located only at the mem- 
brane surface but also by internal fixed-charges 
located through the region of depth of order l/~ 
from the membrane surface (K is the Debye- 
Hiickel parameter given later by eq. 22). For this 
reason the surface potential of an ion-penetrable 
membrane generally depends on the electrolyte 
concentration. If, for example, the membrane- 
fixed charges are negative in the shallow interior _ 
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of the membrane but positive in the deep inte- 
rior, then the surface potential is negative at high 
electrolyte concentrations (at small l/~) but may 
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Fig. 1. Schematic representation of an ion-penetrable mem- 
brane consisting of two oppositely charged layers 1 and 2. The 
outer layer (layer 1) carries acidic groups and the inner layer 

(layer 2) basic groups. The total thickness of the membrane is 
much thicker than 1,‘~. The thickness of layer 1 is d. Mem- 
brane-fixed charges are represented by large circles with plus 
or minus signs, while electrolyte ions are by small circles with 

plus or minus signs. 

become positive at low electrolyte concentrations 
(at large l/~). In the present paper we shall 
demonstrate that the isoelectric point of an ion- 
penetrable membrane carrying both acidic and 
basic groups also depends on the electrolyte con- 
centration if the acidic and basic groups are not 
uniformly distributed. In this paper we define the 
isoelectric point as the value of pH at which the 
surface potential plotted as a function of pH 
changes its sign As a simple example of a mem- 
brane with non-uniform distribution of dissoci- 
ated groups, we treat a membrane consisting of 
two layers in which the outer layer has acidic 
groups and the inner layer has basic groups. 

2. Theory 

2. I Poisson -Boltzmann equations 

here that n represents the total concentration of 
monovalent cations including H+ ions and that of 
monovalent anions including OH- ions. Let n,, 
be the H+ concentration in the bulk solution 
phase. The membrane is assumed to be much 
thicker than l/~, so that it can be regarded as 
infinitely thick for mathematical convenience. The 
thickness of the outer layer is denoted as d. We 
take an x-axis perpendicular to the membrane 
surface with its origin at the membrane surface so 
that the region Y > 0 is the solution phase and 
x < 0 is the membrane phase. 

In the outer layer (layer 1) monovalent acidic 
groups of dissociation constant K, are dis- 
tributed at a density Nr while in the inner layer 
(layer 2) monovalent basic groups of dissociation 
constant K, are distributed at a density N2. The 
mass action law for the dissociation of acidic 
groups AH (AH * A-+ H+) gives the number 
density of dissociated groups, viz., 

(1) 

Here P(X) is the electric potential at position x 
relative to the bulk solution phase, where V(X) is 
set equal to zero, nH exp[ - eW(x)/kTl is the 
H’ concentration at position X, e is the elemen- 
tary electric charge, k is the Boltzmann constant 
and T is the absolute temperature. The charge 
density resulting from dissociated acidic groups at 
position x in layer 1(-d < x < 0) is thus obtained 
by muhiplying eq. (1) by -e, viz., 

CN. 
1 

ely(x) ’ 
l+zexp -F 

a [ 1 

Similarly, the charge density resuhing from the 
dissociated basic groups at x in layer 2 (X < -d) 
is given by 

Consider an ion-penetrable planar membrane 
consisting of two layers 1 and 2 (Fig. 1). The 
membrane is in equilibrium with a monovalent 
electrolyte solution of bulk concentration n. Note 
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The Poisson-Boltzmann equation for p(n) in 
layer 1 is then given by 

d2P 2en e9 
- = -sinh- 
dx* E,E~ kT 

+” Nl 
e!P ’ 

FrEo 1+ $exp - kT 

a i 1 
-d<x<O, 

and for that in layer 2 

d2V 2en eq 
- = -sinhE 
dx2 E,E,, 

(4) 

e N2 -- 
eP ’ 

erEo 1+ K”exp + kT 
nH i 1 

n< -d, (5) 

where 6, is the relative permittivity of the elec- 
trolyte solution and Ed is the permittivity of a 
vacuum. The first term on the right-hand side of 
each of eqs. (4) and (5) arises from the charges of 
electrolyte ions. For the solution phase (x > 0) 
we have 

d”J’ 2en e’P 
-=- 
dx2 e,e,, 

sinhE, x>o. (6) 

The boundary conditions are 

q’( -0) = u’(+0), (7) 
‘P(-d-O)=‘P(-d+O), (8) 

x.=3?=+. (9) 

drk* dW 

dx x=-d-O dx x=&+0 (10) 

These equations are continuity conditions of q(x) 
and dV(x)/dx and x = 0 and x = -d. 

2.2 Quasi-linearization approximation 

Coupled equations for U(x), eqs. (4)-(61, sub- 
ject to the boundary conditions, eqs. (7X10), can 

be only numerically solved. We thus employ the 
following quasi-linearization approximation 
method for obtaining the potential in the mem- 
brane interior. This method is based on the idea 
that the difference between the potential q(x) at 
position x in layer 1 (or 2) and the Donnan 
potential of layer 1 (or 2) is not large so that the 
Poisson-Boltzmann equation for layer 1 (or 2) 
can be linearized with respect to this potential 
difference. The maximum relative error of this 
method is less than 4% for the simplest case in 
which the two sublayers are identical and the 
ionizable groups are completely dissociated [8]. 
The Donnan potentials of layers 1 and 2, which 
we denote by VJyD1 and 1vD2, respectively, are 
obtained by setting the right-hand side of the 
Poisson-Boltzmann equations for the respective 
layers, eqs. (4) and (51, equal to zero. That is, 
they are the solutions to the following transcen- 
dental equations: 

Nl 1 
sinh( yD1) + G = 

1+ $eqC -yD1) 
0, (11) 

a 

4 1 
sinh(y,,) - !n 7 = 0, (32) 

1+ eexP( +h32) 

where 

Y Dl = ep,dkT, (13) 
Y D2 = epD2/kT (14) 

are the reduced Donnan potentiab. Now we put 

q(x) = ‘I’,, + AT, -d<x<O, (15) 

F(x) = P,, + AZV, x < -d, (16) 

in eqs. (4) and (5) and linearize them with respect 
to AV. Then we have 

d2Ay 
- = K%; Ay, 
dr2 

-d<x<O, 

d2 Ay 
-= 

dx2 
K%; Ay, X-C -d, 

(17) 

(18) 
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with 

AY = e dP/kT, (19) 

R, = 

R,= 

COW y,,) - 
sinh( Y d I3 

(20) 
11/z 

cosh( Y 4 + 
sinh( Y,,) I ’ 

(21) 

K= (22) 

where K is The Debye-Hiickel parameter. Equa- 
tions (15) and (16) can now be readily solved. 
Equation (61, on the other hand, is integrated 
once to give 

e d9 e% -- 
kT dx x-to 

= -2~ sinh- 
2kT ’ (23) 

where !Jfo = W(O) is the membrane surface poten- 
tial. By combining the solutions to eqs. (171, (18) 
and eq. (23) via eqs. (7)-(lo), we obtain 

(YD1 -YLl2) + OvYDl) 

X cosh( R,Kd) t :sinh( RIKd) 
2 I 

+ +osh(R,wd) = 0. 
2 1 (24) 

This is the required equation determining the 
reduced membrane surface potential y, (= 
e&&T). Here yo, and yD2 are the solutions to 
eqs. (11) and (12). 

2.3 Simple expression for membrane surface poten- 
tial 

When y, is small, the transcendental equa- 
tion, eq. (241, can be simplified by approximating 
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2 sinh(y,/2) by y, in eq. (24) so that one can 
obtain an explicit expression for yO, viz., 

R 
cosh(R,Kd)+ &inh(R,Kd)-1 + yD2 

Rz 
YO= 

1 
(25) 

Since this approximation does not require that 
y,, and yo2 are also low, agreement with a more 
accurate expression, eq. (24) is good. The isoelec- 
tric point (I.E.P.) is defined as the pH value at 
which y0 reverses its sign. As is seen from eq. 
(251, I.E.P. depends on the electrolyte concentra- 
tion n. 

In order to obtain the Donnan potentials yD1 
and yo2, one must solve numerically the tran- 
scendental equations (11) and (12). In some cases, 
however, approximate expressions for yol and 
y,, can be employed, which are listed below. In 
the pH region in which acidic groups are almost 
completely dissociated, it follows from eqs. (11) 
and (20) that 

(26) 

and 

. (27) 

Similarly, in the pH in which basic groups are 
almost completely dissociated, we have from eqs. 
(12) and (21) 

Y 

=ln[~+((~~tl)"2], (28) 

and 

R,= cosh1’2yD2 = 
11/4 

I . (29) 
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At pH values near pK,, y,, becomes small so 
that eq. (11) and (20) can be approximated by 

N, 1 
YDl = -- 2n 1+ n,/K, 

and R, = 1. Similarly, at pH values near pK,, we 
have from eqs. (11) and (20) 

153 

The same procedure we used in deriving eq. (25) 
yields 

where 

N2 1 
yD2 = i-i 1+ K&u (31) 

R= 

and R, = 1. In the pH region in which the above 
relations can be employed, one needs not to deal 
with the transcendental eqs. (11) and (12). If, 
further, y D1 and yD2 are small, then eq. (25) 

Nl 1 - exp( - Ed) + 3 exp( -Ed) 

y”= -4n l+n,/K, 4n 1 +KJn, * 

(32) 

2.4 Case of uniform distribution of dissociated 
groups 

Finally, for comparison we give below equa- 
tions determining y. for the case of uniform 
distribution of both acidic and basic groups. In 
this situation layers 1 and 2 become identical so 
that the charge density at position x takes the 
same form throughout the membrane interior: 

(33) 

and the reduced Donnan potential y, of this 
membrane is given by the solution to the follow- 
ing transcendental equation: 

N 1 
SW Y,,) f g 

I+ $exp( -y,) 
a 

(34) 

Few( -yo) 
N, a 

cash y. + - 
2N 

1 +- >exp( -yo) 
2 

a 

(35) 

N2 -- 
2N I 

l/2 

b 

1+ $exp( -ya) 
2 * (36) 

In this case, the sign of the membrane surface 
potentia1 y, (=eV’&T) coincides with that of 
the Donnan potential y, and becomes zero when 
y, becomes zero. Namely, the H+ concentration 
at which y, changes its sign is given by setting yt, 
equal to zero in eq. (34), viz., 

NI 1 N2 1 
2n 1+ n,/K, 

-- 
= 

2n 1 + K,/n, 0, (37) 

or 

nH+[(;-l)t~(~-l) 
K,N, 1’2 

+4- 11 &N, . (38) 

The I.E.P. (= -lognH, nH being given by eq.38) 
is thus independent of the electrolyte concentra- 
tion, in contrast to the case of non-uniform distri- 
bution of dissociated groups. 

3. Results and discussion 

The purpose of the present paper has been to 
demonstrate that the isoelectric point (I.E.P.) of 
an ion-penetrable membrane in which acidic and 
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Fig. 2. Surface potential Ye of an ion-penetrable membrane 
consisting of two oppositely charged layers 1 and 2 as a 
function of pH. Calculated for Nt = 0.725 M, N2 = 0.235 M, 
K, = 10m4 M (pK, 4), K,= 1O-g (pK, 91, T = 298 K and 
d = 0.5 nm at several values of electrolyte concentration n. 
Curves: 1, n = 0.02 M; 2, n = 0.05 M; 3, n = 0.1 M; and 4, 

n = 0.2 M. 

basic groups are not uniformly distributed in the 
membrane varies with the electrolyte concentra- 
tion. We have derived equations determining the 
surface potential ?J’a and its I.E.P. of a composite 
membrane consisting of two oppositely charged 
layers, the outer layer (layer 1) carrying acidic 
groups and the inner layer (layer 2) carrying basic 
groups. Again it should be emphasized here that 
in the present paper by I.E.P. we mean the pH 
value at which the membrane surface potential 
changes its sign. Accordingly, at the I.E.P. the net 
membrane-fixed charge does not necessarily be- 
come zero. Figures 2 and 3 show the surface 
potential V0 as a function of pH calculated for 
Ni = 0.725 M, N, = 0.235 M, K, = 1O-4 M (pKa 
= 4), K, = lo-’ M (pK, = 91, T = 298 K, d = 0.5 
nm (Fig. 2) and d = 1 nm (Fig. 3) at several 
values of the electrolyte concentration n. We see 
that the surface potential To and its I.E.P. (i.e., 
the intersection of each curve with the Y0 = 0 
axis) vary with the electrolyte concentration n 
and depend also on the thickness of the the outer 
layer d. In Fig. 4 we have replotted To as a 
function of the electrolyte concentration n at 
d = 0.5 nm for various values of pH. It must be 
noted that the membrane surface potential !JJO as 
a function of the electrolyte concentration II at 

2 4 6 8 10 12 
PH 

Fig. 3. Same conditions as Fig. 2, except for d = 1 nm. 

fixed pH has an isoelectric point with respect to 
the electrolyte concentration, as is seen in Fig. 4. 
Figure 5 demonstrates the I.E.P. as a function of 
II for several values of d. 

For comparison the corresponding results for 
ion-penetrable membranes with uniform distribu- 
tion of acidic and basic groups are given in Fig. 6, 

n (Ml 
Fig. 4. Surface potential ‘P,, of an ion-penetrable membrane 
consisting of hvo oppositely charged layers 1 and 2 as a 
function of electrolyte concentration n. Calculated for N, = 
0.725 M, N2 = 0.235 M, K, = 1O-4 (pK, 41, K, = 1O-9 M 
(pK, 9), T = 298 K and d = 0.5 nm at several values of pH. 
Curves: 1, pH 3; 2, pH 4; 3, pH 5; 4, pH 6; 5, pH 8; and 6 

pH 10. 
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0 0.1 0.2 

n W) 
Fig. 5. Isoelectric point of of an ion-penetrable membrane 
consisting of two oppositely charged layers 1 and 2 as a 
function of the electrolyte concentration n for several values 
of d. Curves: 1, d = 0.5 nm; 2, d = 1 nm; and 3, d = 2 nm. The 

values of the other parameters are the same as in Figs. 2-4. 

which shows that all intersections of curves calcu- 
lated for different electrolyte concentrations with 
the V,) = 0 axis are the the same. In other words, 
the I.E.P. of uniformly charged ion-penetrable 
membranes is independent of the electrolyte con- 
centration. Figure 7 depicts the value of I.E.P. 
relative to pK, as a function of N,/N, for 
K,/K, = lo-'. As should be expected, the I.E.P. 
shifts to higher values for lower N1/iV2 and to 

2 4 6 8 10 12 
PH 

Fig. 6. Surface potential ‘Yc of an ion-penetrable membrane 
with a uniform distribution of both acidic and basic groups as 
a function oh PH. The values of the parameters N,, Na, K,, 
K, and T are the same as in Figs. 2 and 3. Curves: 1, n = 0.02 

M; 2, n = 0.05 M; 3, n = 0.1 M, and 4, n = 0.2 M. 

O- 

Fig. 7. The isoelectric point (1.E.P.) - pK, of an ion-penetra- 
ble membrane with a uniform distribution of both acidic and 

basic groups as a function of N, / N2 for K, /K, = 10-s. 

lower values for larger N,/N,. Thus, as the den- 
sity of acidic groups increases, the I.E.P. becomes 
small, while as the density of basic groups in- 
creases, the I.E.P. becomes high. 

The dependence of the membrane surface po- 
tential F,, on the electrolyte concentration can be 
explained as follows. In general, the membrane 
surface potential is determined by the membrane 
fixed charges located through the depth of I/K 
from the membrane surface. Thus for moderate 
values of pH (curves 2-4 in Fig. 41, at high 
electrolyte concentration (or small 1,‘~) the con- 
tribution of the inner layer (layer 2) becomes 
small and the surface potential becomes negative. 
On the other hand at low electrolyte concentra- 
tion (or large 1,‘~) the contribution from layer 2 
becomes appreciable, resulting in less negative 
values of the membrane surface potential. With 
the further decrease in the electrolyte concentra- 
tion q0 changes its sign. At large pH (curves 5 
and 61, however, the dissociation of basic groups 
is weak so that the reversal in sign of V0 does not 
occur. At small pH (curve 3) the dissociation of 
acidic groups is weak so that the sign of To is 
determined by the fixed-charges of the inner layer 
in the concentration range shown in this figure. 
In all cases the surface potential suffers from 
shielding effects of electrolyte ions and thus tends 
to zero with increasing electrolyte concentration. 
Therefore, in curves 5-6, as the electrolyte con- 
centration increases, the surface potential s?,,, 
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after changing its sign, exhibits a minimum and 
then tends to zero. 

Since the surface potential p,, of an ion-pene- 
trable membrane with non-uniform distribution 
of acidic and basic groups depends on the elec- 
trolyte concentration, its I.E.P. also varies with 
the electrolyte concentration. As is seen in Fig. 5, 
the I.E.P. becomes lower as the electrolyte con- 
centration n increases. The reason for this can be 
explained as follows via Fig. 7 for a uniformly 
charged ion-penetrate membrane. As the elec- 
trolyte concentrations increases (l/~ becomes 
small), the contribution of the inner layer (layer 
2) decreases and that of the outer layer (layer 1) 
increases. This corresponds effectively to an in- 
crease of the ratio of the density N, of the acidic 
groups to that of the basic groups for a uniformly 
charged membrane, N,/N,, leading to a decrease 
of the I.E.P. In other words, we see that increase 
in electrolyte concentration for a two-layered 
membrane effectively exhibits the same effect as 
increase in ratio iV,/N, for a uniformly charged 
ion-penetrable membrane. 

The I.E.P. of an ion-penetrable membrane with 
non-uniform distribution of acidic and basic 
groups depends also on the thickness d of the 
outer layer (layer 1). As is seen in Fig. 5, the 
I.E.P. decreases as d increases. This dependence 
can also be explained via Fig. 7. Namely, the 
increase in d enhances the contribution from the 
inner layer (layer 2) and thus this effectively has 
the same effect as a decrease in ratio NJ& for 
a uniformly charged ion-penetrable membrane, 
resulting in a decrease in I.E.P. 

In the present paper we have dealt with ion- 
penetrable membranes with a particular distribu- 
tion of acidic and basic groups in the membrane 
interior. It is straightforward to extend the pre- 
sent treatment to other types of distribution of 
acidic and basic groups. The present treatment 
can also be applied to colloidal particles with 
structured surfaces, i.e., colloidal particles cov- 
ered with an ion-penetrable surface charge layer 
composed of adsorbed polymers, such as biologi- 
cal cells. In such cases the surface potential W,, 
refers to the potential at the boundary between 
the surface charge layer and the surrounding 
solution (Fig. 8). The situation considered in the 
present work corresponds to the case where the 

Core Solution 

I 
-d 0 

,x 

Sublayer 2 Sublayer 1 

Surface charge layer 
Fig. 8. A model for the cell surface covered with an ion-pene- 
trable surface charge layer consisting of two oppositely charged 
sublayers 1 and 2. The outer sublayer (sublayer 1) carries 
acidic groups and the inner sublayer (sublayer 2) basic groups. 
The total thickness of the surface charge layer is much thicker 

than 1,‘~. The thickness of sublayer 1 is d. 

surface charge layer consists of two oppositely 
charged sublayers. Nagahama et al. [9] have re- 
cently measured the electrophoretic mobility of 
guinea-pig polymorphonuclear leucocytes (PMNs) 
at various values of ionic strength and pH of the 
medium. The measured mobility is found to ex- 
hibit a behavior quite similar to that of the sur- 
face potential shown in Figs. 2 and 3 (not Fig. 6). 
Although the mobility is not directly proportional 
to the surface potential of colloidal particles with 
surface charge layers [lo], the results obtained by 
Nagahama et al. [9] suggest that the surface re- 
gion of guinea-pig PMNs is not uniformly charged. 
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